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Abstract: We calculate the first supersymmetric and kappa-symmetric derivative defor- 
mation of the M5-brane worldvolume theory in a flat eleven-dimensional background. By 
applying cohomological techniques we obtain a deformation of the standard constraint of 
the super embedding formalism. The first possible deformation of the constraint and hence 
the equations of motion arises at cubic order in fields and fourth order in a fundamental 
length scale /. The deformation is unique up to this order. In particular this rules out any 
induced Einstein-Hilbert terms on the worldvolume. We explicitly calculate corrections to 
the equations of motion for the tensor gauge supermultiplet. 
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1. Introduction 

In the web of dualities relating ten-dimensional string theories and eleven-dimensional su- 
pergravity, the M5-brane plays a central role. It is important therefore to understand the 
structure of the effective field theory which describes M5-brane dynamics. The multiplet 
which describes the linearised worldvolume dynamics of an M5-brane in eleven dimensions 
is the on-shell N = (2,0), D = 6 tensor multiplet Q whose bosonic sector contains a 
2-form gauge potential with self-dual 3-form field strength as well as five scalars. The full 
non-linear equations of motion for the worldvolume theory of the M5-brane in a general 
eleven-dimensional supergravity background were first constructed using the superembed- 
ding formalism |Q, |^ . The non- linear theory constructed in ||2|, ^ is the tensor gauge theory 
analogue of supersymmetric Dirac-Born-Infeld theory which is the non-linear theory de- 
scribing the worldvolume dynamics of the D-branes of type II string theory |Q, ^, ^. Since 
one can obtain the IIA theory by reduction of the eleven-dimensional theory on a circle, 
one can relate the worldvolume dynamics of the M5-brane to the dynamics of the D4-brane 
by double dimensional reduction and indeed it was shown in Q that the non-linear tensor 
gauge theory correctly reproduces the Dirac-Born-Infeld equations of motion after such a 
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reduction. A covariant action which reproduces the equations of motion was subsequently 
constructed in ||^]. 

Just as the Dirac-Born-Infeld theory describing the worldvolume dynamics of D-branes 
receives derivative corrections, one expects the tensor gauge theory that describes the 
fluctuations of the M5-brane to receive derivative corrections. These corrections will involve 
the derivative of the self-dual 3- form field strength habc, induced curvature correction terms 
and higher derivative terms for the fermion fields. We will show how the form of these 
derivative corrections can be systematically constrained by supersymmetry and kappa- 
symmetry. Our approach is directly analogous to that of d, g where it was shown that 
the deformations of the standard superembedding constraints can be classified according 
to spinorial cohomology |1C, 11|. We will show that the first possible deformations to the 



equations of motion are cubic in the fields and appear at fourth order in a fundamental 
length parameter I. In particular this implies that there is no induced Einstein-Hilbert 
type term in the effective action. 



2. The M5-brane as a superembedding 



We now briefly describe the superembedding formalism |12| as applied to the linearised 
description of the M5-brane [^. We consider the embedding oi an N = (2,0), D = 6 
superspace, ^A, into aA^ = l, D = ll superspace, M. The coordinates of A4 ( M. ) are 
denoted by = {x^,d^) {z— = (x— , 0— )), with Latin indices for bosonic coordinates 
and Greek for fermionic. Cotangent frames are related by the vielbein matrices, = 
= dz^^EM^ = {E^^E^) = dz^EM-)- Here the Latin indices a (a) are 
vector indices of the group Spin{l, 5) {Spin{l, 10)). The Greek indices a are spinor indices 
of Spin{l, 10) while the indices a are multi-indices containing a Spin{\, 5) spinor index and 
a Spin{5) = Usp{4:) spinor index. The embedding splits target space indices into tangent 
and normal indices on the worldvolume, A = {A, A'). The normal indices a' are Spin{5) 
vector indices while a' are again multi-indices containing Spin{l,5) and Spin{5) spinor 
indices. Later we will introduce the 'two-step' notation and explicitly replace a subscript 
a with a subscript pair ai. A subscript a' is replaced by a pair f . Lower and upper a 
indices distinguish left and right handed Weyl spinors in six dimensions. 

The embedding is a map, / : M — > A4 and it induces the pullback map relating the two 
frames, 



f*E^ = E^EA^ EA^ = EA'''dMZ^EM^. (2.1) 



The standard embedding condition Eq- = was shown in |13] to fix the worldvolume 
multiplet to be the = (2, 0), D = 6 super symmetric tensor gauge theory multiplet and 
it implies the full non-linear equations of motion |3| which describe the fluctuations 
of the M5-brane in a general eleven-dimensional supergravity background. Imposing the 
embedding condition, one can parametrise the embedding matrix as follows. 
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A ^ 












(2.2) 



Here we have an element of SO{1,10), written Uh-, which is split according to Ub- = 
{uii-,Ub'-). We denote by u_^— the corresponding element of Spin{l, 10) which obeys 
(r-)a^M6- = Ua-^u_^-{T-)j^s and is split according to u_^— = {up—^upi—). 

The relevant information can be derived from the torsion equation which follows from 
applying the pullback map to the definition of the target space torsion, 

dfE^ = f*TA (2.3) 

We take the target space to be flat N = 1 D = 11 superspace with the only non-zero 
components of the target space torsion given by 



TaM- = -ii^oM- (2.4) 
In components the torsion equation reads 

VaEb^ - {-1)^^VbEa^ + Tab'^Ec^ = (-i)MB+B)Es^EA^TAif. (2.5) 

In analysing the torsion equation one encounters the Lie algebra-valued quantity XA,a- = 
^AUa-u~^^. The corresponding quantity with spinorial indices is related by gamma ma- 
trices, 

XaJ = Vau^u-\^ = \xaJ-{T%JJ. (2.6) 

We can choose the worldvolume connection so that Xa takes a convenient form. The 
freedom in choosing the connection allows us to set V AUa-u^^b' = V A'Ua'-'u~^ b'' = 0. 
This implies that V A^a-^u^^ j3^ = V^nQ,'-^u~^j^' = since these quantities are simply 
related by gamma matrices. The non-zero quantities that remain are XA,a^' and Xa^u^' = 

we shall see below Xa a' is related to the fermion field Aa"' while 
Xaf,'^ is the bosonic second fundamental form. 

Analysing the torsion equation level by level in the linearised approximation we find the 
supervariations of h (dimension ^), A (dimension 1) which imply the supervariation of X. 
These are all given below in the two-step notation, 

^aiKbc = --^^lal3i{lbc])'^a, (2-7) 
"^ai^b/ = -^Xb/ i^'')asM/ + Vbhcdeil'''''U6l (2.8) 
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Va^Xfe,/ = -i(7^ )i^ VbAaai. (2.9) 

At dimension ^ we also have the relation of Xiy_^a' and A^"' which reads in two-step 
notation, 



Xr^i/ =iKc.'{l''')ir (2.10) 

We also obtain the linearised equations of motion for the fermions (at dimension ^) and 
for the scalars and tensor (at dimension 1), 

(7°)"^A,«, = 0, (2.11) 
^'^''Xj = 0, (2.12) 

^"Khc = 0. (2.13) 

The last equation implies a Bianchi identity for h since habc is self-dual. In addition we 
find the constraints ^[a,?;]'^' = "^[a^^s" = 0. These equations can be summarised by the 
statements that, in the linearised approximation, the fields /i, A and X and their derivatives 
lie in the following representations of 5pin(l,5) x Spin{5): 

Var...aMcd G (n02) X (00), (2.14) 
Vai...a„_iA,„„, G (nOl) X (01), (2.15) 
V„,...„_,X,„_„,„'^' G (nOO) X (10). (2.16) 

The irreducible representations are given in highest weight notation in the form (a6c) x [de) 
with a,b,c Dynkin labels of Spin{l,5) (D3 in the Cartan classification) and d,e Dynkin 
labels of Spin{5) (B2 in the Cartan classification). 

The full non-linear equations which follow from the embedding condition give the equations 
of motion, supervariations and components of the worldvolume torsion to all orders in 
number of fields as described in Here we require only the linearised analysis since we 
use a perturbative approach as in to construct derivative deformations. Thus we regard 
the equations of motion as being determined order by order in terms of the fields of the 
linearised theory in the representations given above. 

3. Derivative corrections 

There is only one way to adapt the analysis of the previous section so that derivative 
corrections are included, namely to relax the embedding condition and allow E^- to be a 
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function of the fields. This approach was first used for the membrane in eleven dimensions in 
Q and a similar one (involving deformations of the .F-constraint instead of the embedding 
condition) for the D9-brane of IIB in Q . Deforming Ea- requires the introduction of an 
explicit length scale, I, since E^- has dimension — ^ while the fields h, A and X have 
dimensions 0, | and 1 respectively. As in WG pciraniGtrisG the d-Gforma-tion by ipa^ so 
that 

^a- = V'a^'t^a'-. (3.1) 

The quantity ip is only defined up to field redefinitions as discussed in . The basic 
fields are the embedding coordinates z— and the effect of the redefinition z— — > z— + 
{5z)— will define the ambiguity in -0. The field redefinition is equivalent to a target space 
diffeomorphism and under such a transformation, given by a vector field v, the target space 
frame transforms as 

5vE^ = {diy + iyd)E^ = dv^ + E^v^Tbc-- (3.2) 
Applying the pullback map gives the transformation of the embedding matrix, 

5,Ea^ = Vav- + Ea^-Tbc-. (3.3) 
Setting A = a and -A = a we find the transformation of '0, 

Svi^a"' = + v^'X^/ - iv^'{T'')s'c. - ihJv\T''')se', (3.4) 

where v- = v-Ub- and v— = v-^u 
Choosing = {)" = gives 

5.V'a'' = V„t}'^'-iz;'''(r')5,„. (3.5) 

The second term allows us to remove the gamma-trace part of ip so that we only need to 
look for deformations in the (001) x (11) representation of Spin{l,5) x Spin{5). The first 
term implies that those which are given by VaV^' (projected onto the (001) x (11) 
representation) for some vector V^' are trivial deformations which can be removed by field 
redefinitions. 

Hence we find the equivalence, 

V-a'' = V'/ + v„y^'. (3.6) 

As well as the field redefinitions which describe the above ambiguity in ip there are con- 
straints which tp must satisfy. We find these by examining the dimension zero part of the 
torsion equation in the presence of non-zero ip which reads 
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V„i(V'/3/'n,.^) + {Pj ^ ai) + Ta^f^j'u,^ + T^^fsf%/ud'^ = E^^^EfSj^T^^. (3.7) 

Applying Uc"^ gives the dimension zero part of the worldvolume torsion. Applying Uc^ , we 
find the constraints which ijj must satisfy for the deformation to be consistent, 

yaiipp/ + iPj ^ ai) = -i{'y''')iihi3jj + iPj ^ ai). (3.8) 
We split haip^ into its irreducible representations, 

W =Si[h''i7a)a(3 + h-'%7abc)a/3] 

+ {r')AK'ila)a(, + KHlabc)af3] 

+ {7'''''')inKMaP + K'b'i^abc)af3]- (3.9) 

In the case ^ = we then find that only /i'^*'^ is non-zero. For general ^/^ we find the 
constraints 



Yf-'"' = (7a)"^7"Y'V«.#/' = 0, (3.10) 
Zit'"' = {labX^l^'^'r'V^^p^^' = 0, (3.11) 

where in the first line it is to be understood that one keeps only the (100) x (20) represen- 
tation of S'pm(l,5) X Spin{5) and in the second line only the (002) x (12) representation. 

At lowest order in the deformation and lowest order in the number of fields, the algebra of 
spinorial derivatives is the standard flat superspace algebra, 



[V„„V;3j] =Z7?,j-(7'')a/3Va, (3.12) 

SO that any ipai'^ of the form S/aiV^ satisfies the constraints (|3.10|j3yTT| ) automatically up 
to higher orders. In the above formula r/,j is the antisymmetric Spin{5) = Usp{4) invariant 
antisymmetric tensor. 

Thus we can consider the sequence of representations of S'pin(l,5) x Spin{5), 



(000) X (10) ^ (001) X (11) ^ ((100) X (20)) ((002) x (12)). (3.13) 

The operation A is given by applying a spinorial derivative and projecting onto the target 
representation. The algebra ( ^.12 ) implies A is nilpotent, A-^ = 0. The analysis above 
can be summarised by saying that the genuine deformations of ip away from zero are A- 
closed (they satisfy the constraints) and equivalent if they differ by A-exact terms (field 
redefinitions). Hence we are looking for ijj in the cohomology of A, 
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(3.14) 



We now explicitly calculate the cohomology H, working order by order in the number 
of fields. We must construct tp in the representation (001) x (11) from the fields and 
their derivatives constrained by the linearised analysis ( p.l4| , |2.15| , |2.16 ). Also we must 



check possible field redefinitions in the representation (000) x (10) and constraints in the 
representations (100) x (20) (K-constraints) and (002) x (12) (Z-constraints). It is obvious 
that there can be nothing for ■0 linear in the fields since there is nothing in the correct 
representation. In fact this is already enough to rule out induced Einstein-Hilbert terms 
in the effective action. 

At quadratic order in fields we find 



V-m" = P"-'Vai...Va„_iAa„mV"i...V'^"-2X""-i''^"« , with n > 2. (3.15) 

There are no field redefinitions V^' quadratic in the fields but there are constraints of the 
y-type, 



ya';b' ^ ^2n-l^^^^^_ _y^^_^^^^_^^^^a'yai _^^a„_2j^a„_i,a„6' ^-^^ ^ > 3. (3.16) 

It is then simple to see that for each n applying a spinorial derivative and projecting 
onto the y-representation gives a non-zero answer and hence none of the quadratic ip are 
A-closed. Thus the cohomology quadratic in fields is trivial. 

Moving on to cubic order in fields we find the first possibilities at order There are 
three linearly independent deformations, ip, two possible field redefinitions, V, and two 
constraints, one each of Y-type and Z-type. The explicit formulae for these are given 
in Appendix A. We find that two linearly independent combinations of the deformations 
can be removed by field redefinitions and the remaining combination gives a non-zero 
contribution to the constraints. Thus the cubic cohomology at order P is trivial. 

There is nothing one can write down for ijj at order which is cubic in fields and so the 
next order to check is l^. Here we find 18 linearly independent deformations, ip. There 
are 8 possible field redefinitions, V and 16 constraints, 8 each of Y-type and Z-type. The 
details of these are given in Appendix B. At this order we find that 8 linearly independent 
combinations of the deformations can be removed by field redefinitions. Of the remaining 
10 combinations only 2 are closed in the y-sense. Finally, of these 2 only one is also closed 
in the Z-sense. It can be written. 



+24iAafSiXb/V''V''h'^''%7de)J]. (3.17) 
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The above formula is the first supersymmetric deformation of the embedding condition for 
the M5-brane in a flat eleven-dimensional background. The fact that the deformation is 
cubic in fields implies that the resulting corrections to the equations of motion are also cubic 
in fields. In particular this means, in terms of effective actions, that the pure curvature 
corrections will be quartic in the second fundamental form, X, and hence quadratic in 
the Riemann curvature, R ~ X^. We will now show how the equations of motion of the 
deformed theory can be calculated from the above formula. 



4. Derivative corrections to the equations of motion 

One can derive the deformed equations of motion by analysing the torsion equation level by 
level in dimension in the presence of a non-zero tp. As we have seen at dimension zero this 
implies constraints that must satisfy. It also determines the remaining representations 
present in haip^ , 

ha = 0, (4.1) 

= {^v'Hlar^^aii^^/, (4.2) 

hf = ^{7^'''f{lar^Va^^f,/\ (4.3) 

hie = ^ir'''r{lal,cr^'^aii^(3jb', (4.4) 

habc = ^^e'^'''''''\labcT^{lc'd'r^ai^P,e'. (4.5) 

At dimension ^ we find from the aih- P^^t of the torsion equation, contracted with {u~^)^' , 
that the relation between X^ifi^' and A is modified, 

Xai/ = i^hJ^il^'U + VfeVm'^'. (4.6) 

Note that the first term also contains a correction term, the gamma trace of A, which is 
only zero at lowest order (the linearised fermionic equation of motion). We write 

Kai = (7a)a/3nf + A^ai, (4.7) 

where Kam is gamma-traceless and 11 is the correction to the fermionic equation of motion. 
Employing these relations we also find from the aidj-^ part of the torsion equation, 

+ (Va^/l/3,•5')^'''^] + «^ ^ (^3 ' i{l'')apmj{lc)5e^"' = 0" (4-8) 

The superscript (3, 1) means the part which is cubic in fields and first order in the defor- 
mation parameter, which for the term we have calculated is Z^. Contracting with {^aj'^^'H^^ 
we find 

- (Va'/l„5c)^'''^(7d7"'^)"5 + {l^'fildlaTsyaK' + {l""' f {mcT 6^ aih'^" 

+ {l'''''j\ldlar5'^aiK'V + f{mcTs'^ai^% + lHld)5e^'' = 0. (4.9) 
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Taking the gamma-trace by contracting with {^'^Y'^ gives 

27iW = -{Ja^{l'''fVa^K, - (t"'"' (Ta)"" V«./l^,,„ (4.10) 

which is the correction to the fermionic equation of motion. 

At dimension one we find from the aib-^ part of the torsion equation, 

(V«.A,/)(3.i) ^ ^^^^^^^fc^(3,i) ^ (4.11) 

Contracting with (^|.(7a67'^)"'^ gives the correction to the tensor field equation, 

Contracting with (7"')fc*(7°')°'^ gives the correction to the scalar equation of motion, 

(77^^Xfe/')(3.i) = ^V«,n°'=(7'^')fc^ + 2Vbh'"''. (4.13) 

Thus all the corrections to the equations of motion are specified once tp is known. As an 
example we give here the pure tensor field corrections to the tensor field equation. 

We should stress that although we have given purely bosonic terms for simplicity, all 
corrections to the equations of motion are specified by this method, including all fermion 
terms. 

5. Relation to deformations of = (2,0), D = 6 tensor gauge theory 

There is an alternative way to derive deformations of the dynamics of the M5-brane by 



applying the spinorial cohomology techniques directly, without the superembedding |11]. In 
this section we sketch how the first deformation, corresponding to the leading contributions 
in the non-linear field equations (without derivative corrections) is derived this way. In 
principle our results of the previous sections could be derived from this approach, but we 
hope to illustrate with this short recap that the simpler and more powerful approach is 
to deform the superembedding, because we get the non-linear (non-derivative) corrections 
"for free" and, additionally, the superembedding approach we presented keeps K-symmetry 
and reparametrisation invariance manifest. 

To derive the deformations of the previous section one could directly deform the superspace 
constraints for the N = (2,0), D = 6 tensor multiplet [Q. This multiplet can be described 
by a closed 3-form, H , on N = {2,0) , D = 6 superspace whose non-zero components are 

Hail3jc = -i{lc)al3Wij, (5.1) 

Haibc = {lbc)J^^pi, (5.2) 
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as well as Habc which is self-dual. The fields are constrained to satisfy their equations of 
motion, 

dad'^Wij = irr^daXflk = d'Habc = 0. (5.3) 

The constraint Haipj-yk = and the closure condition dH = imply the fields of the 
tensor multiplet satisfy their equations of motion. The world volume theory of the M5- 
brane is described by a deformation of the constraints for the = (2, 0) tensor multiplet. 
If one ignores derivative corrections then the full non-linear deformation of the constraint 
Hai/Sj'yk = which defines the non-linear tensor gauge theory of the M5-brane must be 
implied by the embedding condition of the superembedding formalism since the constraint 
Ea- = defines the full non-linear theory The analogous relation between the 
constraint of the superembedding formalism and the non-linear deformation of the D = 10 



Abelian Yang- Mills constraints which defines Born-Infeld theory was developed in |14|. 
There the relation is much more direct since the two constraints take a similar form; 
they are both constraints on a superspace 2-form. Here the constraints are on objects of 
different dimension and carrying different representations of Spin{l,5) x Spin(5), ipai"'' 
which is of dimension — ^ and H^ipj^k which (if we stick to the dimensions we have used 
throughout) is of dimension — |. This situation is similar to the different descriptions of 
eleven-dimensional supergravity where one can apply superspace constraints to the torsion 
2-form or, in the 4-form formulation, to the superspace 4-form. 

In terms of cohomology the deformation of the tensor multiplet constraints was studied in 
|11]. The relevant representations of 5pin(l,5) x Spin{5) in Haipj-^k which remain after 



conventional constraints are (003) x (03) and (101) x (11). The relevant field redefinitions, 
which are redefinitions of the purely spinorial part of the 2-form potential lie in the rep- 
resentations (002) X (02) and (100) x (10). Finally the constraints which follow from the 
Bianchi identity lie in the representations (004) x (04), (102) x (12) and (200) x (20). We 
thus have the complex. 



(002) X (02) — > (003) X (03) — > (004) x (04) 

\ \ 
(100) X (10) — > (101) x (11) — > (102) X (12) (5.4) 

\ 

(200) X (20). 

The arrows represent operators given by applying a spinorial derivative and projecting 
onto the target representation. The non-trivial deformations of the constraints lie in the 
cohomology of the combined operation defined on the reducible sum of the irreps in each 
column. 

The fields of the tensor multiplet consist of the scalars, Wij in the (000) x (10) repre- 
sentation, fermions Xai in the (001) x (01) representation and the self-dual field strength 
Habc in the (002) x (00) representation. In our conventions these have dimensions — 1, 
— ^ and respectively. By dimensional analysis and inspection of the possible represen- 
tations we can see that the leading deformation is cubic in fields and of the form XWH 
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or AAA. This induces terms cubic in the field strength Habc (but with no derivatives) in 
the tensor field equation as well as accompanying scalar and fermion terms. Such a defor- 
mation corresponds to the leading non-derivative correction, the analogue of the leading 
Born-Infeld correction for the tensor gauge theory. In the manifestly kappa-symmetric 
approach described in the previous sections these corrections are completely taken into 
account by the embedding condition. The deformations of the embedding condition, which 
we have discussed correspond to deformations of the tensor multiplet constraints which 
include derivatives and an explicit dimensionful parameter, /. It is interesting to note that 
the kappa-symmetric formulation of the problem is much more tractable than the stan- 
dard cohomology approach for deforming and solving the Bianchi identity for the tensor 
multiplet. 



6. Conclusions 

We have shown how spinorial cohomology can be used to derive the leading derivative 
and curvature corrections to the equations of motion for the tensor supermultiplet which 
describes the worldvolume dynamics of the M5-brane. The method used is manifestly su- 
persymmetric and kappa-symmetric as these symmetries are implemented geometrically by 
using superspaces for the eleven-dimensional background and six-dimensional worldvolume. 

The corrections we have calculated are fixed by the deformation ( |3.17| ) of the embedding 
condition of the superembedding formalism. The deformation was derived working first 
order by order in number of fields, where it was shown that there are no deformations at 
first or second orders, and then order by order in the scale /. The first cubic terms appear 
at order which is consistent with previous results on the membrane Q and open string 
theories and D-branes |15, 17, 18, 19, 20, ^ and indeed one could perform a double 



dimensional reduction of the M5-brane results to obtain those for the D4-brane of IIA. 

One can continue the calculation presented here to higher order in fields and higher orders 
in /. It is interesting to note that in the case of the membrane there are no gauge field 
degrees of freedom in the worldvolume multiplet and therefore there is no dimension zero 
field strength which could appear in the deformation. This means that there are a finite 
number of possible terms for the deformation at any given order in /. Thus it is possible 
to calculate the complete deformation at a given order in / although the calculation of 
Q restricts to cubic terms to make the computation more tractable. In the case of the 
M5-brane and D-branes which contain a gauge field in their worldvolume multiplet this is 
no longer the case and one is in principle restricted to performing the analysis order by 
order in fields as well as order by order in /. However it may be the case that one need 
only consider a finite number of combinations involving the dimension zero field strength 
and deduce results for all orders in fields at a given order in /, just as one can for the 
undeformed superembedding. 

The calculation here has been performed in a fiat background but one can easily generalise 
to general on-shell backgrounds of eleven-dimensional supergravity. In particular one can 



- 11 - 



address the issue of kinetic terms for the pullbacks of the background supergravity gauge 
fields in this approach while preserving all of the supersymmetry and kappa-symmetry. The 
corresponding terms for NS-NS and R-R fields for D-branes in type II theories can also be 
derived either by dimensional reduction or directly using the same method. Alternatively 
one can obtain correction terms by calculating string amplitudes directly as in |16, 22 



23, 24, [23]. Such terms are relevant for the quantum polarisation discussed in [26|. 



A. Cubic cohomology at order P 
Deformations 

The deformations are given by ipai'^ in the (001) x (11) irrep of Spin{l,5) x Spin{5). We 
have: 

^1 = AaP^X-''^'hcd{7''%^, (A.l) 

1P2 = Kp^Xl,/h-'\^-a)J, (A.2) 

^3 = Kp' Ab,^K&^{ll''^{l''X\l''')jk■ (A.3) 

Field Redefinitions 

The field redefinitions are given by v""' in the (000) x (10) irrep of Spin{\,b) x Spin{5), 

Vi = Xa/h'''h\d, (A.4) 
V2 = Ka'^h^'h-Hlcr^il'^'h- (A.5) 

Constraints 

There are two irreps which contribute to the constraints. They are given by Ya"''*' which 
is the (100) X (20) irrep of Spin{l,f)) x Spin{b) and Zabc"''^'''' which is the (002) x (12) 
irrep. At this order we have one of each: 

y/'""' = KaMpjX^''''''{i'''r{icr^ (A.6) 

Zabc"''''''' = Iy[aa^^mX'"'^^'''y'^MT^ + dual . (A.7) 

Spinorial relations 

We apply a spinorial derivative followed by projection (which denote by A). We find: 

A^i = -^(Vi + 2V2), AF2 = -2^2 + Y^m, (A.8) 

and 

AV^i = -iZ-^y, ^'il:2=^-Z +'-Y, AV-a = 24Z + 12y. (A.9) 

We see that we can use the two field redefinitions to eliminate two of the deformations and 
that the remaining one will have a non-zero contribution to the constraints and so is not 
closed. Therefore the cohomology at this order is trivial. 
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B. Cubic cohomology at 



Deformations 

We have 



V'l = Aaa^ VftX/^'x"'-' Mij, (B.l) 

V'2 = A„a^■V6X,««'x''■^^'(7^,0^i, (B.2) 

V-s = Kp'^''X,/x'''^'M,,{^',)J, (B.3) 

V'4 = Aa;3^V"X5,/'X^''^^'(750.,(7'd)a^ (B.4) 

V'5 = V,A5«^X«''='^'x^^'(7,0^i, (B.5) 

V'e = V,A5^^X«'-'x^'^^'(7,0^,(7cd)a^ (B.6) 

= Aaf^.,V''X,/v'h'"''{jde)J, (B.7) 

^8 = A„^,V,X,,/'v''/i^'^'^(7'^e)a^, (B.8) 

V'g = VaA,3,V»X^'-'/l,rfe(7''')a^, (B.9) 

V'lo = VaAfe^,V»X,,/'/?.''-(7^,)/, (B.IO) 

V'll = V„A6;3iX"'-»'V^/i,,e(7'')a^, (B.ll) 

V'12 = V„A6^,Xe/V"/l'^^(7^e)/, (B.12) 

V'la = A„;3^^6,c"'V"V''/l^'^^(7de)a^ (B.13) 

V'14 = V„V6Aea^A«/A^'(7"'^')M(7,0i,-(7'^)^^ (B.14) 

V'15 = V„A5^^V«A%'=A,5,(7«'),-fc(7'^)^T(7^)c«^ (B.15) 

V'16 = V„A6^^V«A%'=A^,(7«'),-fe(7<^)^^(7ed)/, (B.16) 

V'17 = V„A^,^V"A%'=Aea'(7"''')ifc(7^,')^^(7^)^^ (B.17) 

V'18 = V„A5^^V«A%'=Ae5'(7'^''''),fc(7feO«/(7d)''^(7'')a'- (B.18) 



Field Redefinitions 

There are eight of these: 



Vi = X^/x''''''''x,y, (B.19) 

V2 = Xa/Vch'"^^V''h!'de, (B.20) 

= VaXb/h'^^V'^h^de, (B.21) 

V4 = KjAbp'y''x^''^\r'v)i3incr^ (B.22) 

^5 = V„A^,a^A«;3^^'■'"' {icT^ (B.23) 

= V„A^,a^A«;3^X^■^^'(7c)"''(7"'6')^.•, (B.24) 

V7 = VaAbjAc/3'V''h"^''hdrHl''')ij, (B.25) 

^^8 = V„A,^^V«A,//i^^''(7,)/^^(7"%fe. (B.26) 
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Constraints 

There are sixteen constraints, eight in each representation. For the representation (100) x 



(20) we have, 

Yl = VfeXe./'X^'^^'V^/t'^ea, (B.27) 

Y2 = V6AcaiAdftV^X'^'<^«'(7^')^^'(7„)"^, (B.28) 

Ys = V„A5aiAc/3,V'X^''^«'(7^')^^(7rf)"^ (B.29) 

I4 = V,Ae„iA„^,-V^X^''^«'(7'')^^(7d)"^ (B.30) 

1^5 = VfeA,«,A%V^X,,/'(7'')'^(7'')"^ (B.31) 

Ye = V5V,A,,,A^^,X^''^"'(7^')^^-(7,)"^ (B.32) 

Y7 = Vayb^ca^^'pjX''''"'\l''r{ldT^ (B.33) 

Ys = V„A,«,V^A'=ftXe,/'(7'Y'(7'')"^- (B.34) 
For the representation (002) x (12) we have, 

Zi = Xy,;'-'x^,'^'y,^Xa/ + dual, (B.35) 

Z2 = VdAeaiA[„^,-V6X'''-'(7«'^Y'(7c])"^ + dual, (B.36) 

= VdA[„,,A|,|^,.V6X<^'-'(7"'''')'^'(7c])"'' + dual, (B.37) 

Z4 = VdA[„„,A6^,-Ve]X'^'-'(7«'''7^'(7e)"^ + dual, (B.38) 

Z5 = VdAeai^fPj^''X''^''{j-'''r{jabcr^ (B.39) 

Ze = VdVeA[aa^^%JX,;''{J-'''f{^,]r^ + dual, (B.40) 

= \7dVeAfa^A%,X-'f''{J-'''y^{Jabcr^, (B.41) 

Zs = VdAea^V''A[aPJX''b'''{r''''r{7c]r^ + dual. (B.42) 
Spinorial relations 

Applying a spinorial derivative and a projection to Vi, ...,Vs we find 

Ayi = 2iV5, (B.43) 

AF2 = ^[V'ii+2V'i2], (B.44) 

AFg = ^ [V-T - 2^8 + ^9 + SV-io] , (B.45) 

AV4 = -2iPi + 2^3 + - ^-4 + 12^7 + #14, (B.46) 

AF5 = + i + eV-ia -\i^5 + \^e- 6V'ii , (B.47) 

11 13 3i f 

AVe = -i/j2 - -04 + 2V'i + + 6t/'i3 - ^ipb - ^il'a + 6'0ii - jV'ie - ^V^is, (B.48) 

z z z t 

AVy = Vs - V'12 - - ggV'16 - ^V'lT + ggV'lS, (B.49) 

AFg = -2V'io + + t^tV'is- (B.50) 
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Applying a spinorial derivative to 'i/'i; •••) "018 and projecting onto the representation (100) x 



(20) (which we coUectively denote 


by A^) we 


find 


A' ipi = -3iYe, 


A Y 1 

A' 1^2 -- 


= -3ir2, 


A^V'a = 192^1 - 61^7 + 3iYQ, 


A^V'4 = 


= 19211 + e^Ys — 3^y2, 


= 0, 


A^V'e^ 




A^tl^r = -16^1 + §^3, 


A^V8 = 


= -sn + j^y2 + 1^13 - in 


A^^9 = -in, 


A^^io 


= 1^5 + 1^12 - 1^3 + 1^14, 


A^V'n = 1611 + 1^8, 


A^^12 


= -sYi - fyg. 




A^^14 


= -12^6 + 12^7, 


A^iji5 = -4^2 + m - 8Y5 + l6Ys, A^Vie 


= 4^2 -4y3 + 8^5-8^8, 


A^iPn = I2Y2 - I2Y4, 


A^V'is 


= -24y5 + i2y2 - i2y3. 



5, 



(B.51) 



One can easily check that these relations are consistent with each other in that A^A must 
be identically zero. The set {"03, "04, V's, V'8, V^io, V^ii, V'le, "017} can consistently be removed 
by field redefinition. Of the ten remaining ij: the following linear combinations satisfy 
closure in the y-sense, 

4iVi + 24iV'i3 + V'M, (B.52) 
8iV2 + 6#6 + 24iV'7 - 24^-09 - 48^-012 + 30i5 - 018- (B.53) 

To check closure in the Z-sense we apply a spinorial derivative to these ip followed by a 
projection onto the representation (002) x (12) (which we collectively denote by A^). We 
find 

A^^i = iZT, A^Vis = -^^7 + i^6, A^^i4 = 24Z6, (B.54) 

o 

and so the first of the two linear combinations satisfies closure fully and is hence a non- 
trivial element of the cohomology H . The second combination fails Z-closure as one can 
see by the fact that the '06 term is the only term which makes a non-vanishing contribution 
to the constraint Zi. 



We found the program LiE [27| useful to check that we have the correct number of terms 
in each representation. 
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